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We study the thermodynamic stability of the Kerr-AdS black hole from the perturbative correc-
tions to the gravitational partition function. The line of critical stability is identified by the ap-
pearance of a negative mode of the Euclidean action that renders the partition function ill-defined.
The eigenvalue problem, consisting of a system of three coupled partial differential equations for the
metric perturbations, is solved numerically. The agreement with the standard condition of thermo-
dynamic stability in the grand canonical ensemble is remarkable. The results illustrate the physical
significance of gravitational partition functions for rotating spacetimes beyond the instanton ap-
proximation. At a classical level, the results also imply that the Gregory-Laflamme instability of
the Kerr string persists up to extremality, the range of unstable modes increasing with the angular
momentum.
INTRODUCTION
The thermodynamics of black holes has been a corner-
stone in the search for a quantum theory of gravity. Its
semiclassical results, such as the Hawking temperature
and the Bekenstein-Hawking entropy, are expected to be
reproduced by any serious candidate theory. Indeed their
reproduction has been hailed as a major success of string
theory, eg. [1]. Another influential result of the imagi-
nary time methods was the construction of gravitational
partition functions by Gibbons and Hawking [2]. These
are defined as path integrals in the same spirit as the
partition functions of flat space thermal field theory, but
treating the metric as a quantum field, that is
Z =
∫
D[g]e−I[g]. (1)
It should be emphasised that the gravitational path inte-
gral is known to be non-renormalisable and is considered
here as a low energy effective theory that may provide
clues to a proper theory of quantum gravity.
The boundary conditions of the path integral, and the
corresponding boundary terms in the gravitational ac-
tion I[g], specify the thermodynamic ensemble described
by the partition function. The path integral is approx-
imated by an instanton saddle-point Z ≈ e−I[gˆ], which
gives the leading contribution to the free energy of the
system. However, the quantum corrections play an im-
portant role too - they identify the thermodynamic in-
stabilities of the ensemble by causing a divergence in the
path integral. This type of pathology was identified by
Gross, Perry and Yaffe [3] for the Schwarzschild black
hole, which has a negative specific heat. Furthermore,
Prestidge [4] showed that the partition function of the
Schwarzschild-AdS black hole becomes well-defined for
large black holes exactly when the specific heat becomes
positive. The inclusion of matter presents technical dif-
ficulties but the same rule holds for Reissner-Nordstro¨m
black holes [5]. An argument in support of the rule was
given by Reall [6].
In this paper, we deal with the one-loop quantum cor-
rections to the partition functions of Kerr-AdS black
holes. In particular, we look for negative modes of the
second order gravitational action. This is a long-standing
problem, even in the asymptotically flat case, for two
reasons. First, the imaginary time methods seem subtler
since the instanton metrics for rotating black holes are
complex, or quasi-Euclidean, rather than real with Eu-
clidean signature. The instanton is just the leading order
contribution to the path integral and it has a real action
[7, 8]. The second difficulty is that the lack of symmetry
of the problem makes it much harder to solve than the
static cases. We address this with an improved numeri-
cal method to solve coupled partial differential equations,
and by concentrating on the space of perturbative cor-
rections likely to identify an instability. The technique
in this work differs from the simple but incomplete first
approach to the problem in [9], which could only account
for the effect of a single direction in the perturbation
space.
The first law of thermodynamics for a vacuum black
hole with mass M and angular momentum J is
dM = TdS + ΩdJ. (2)
In the grand canonical ensemble, the temperature T
and the angular velocity Ω are fixed, and the impor-
tant thermodynamic potential is the Gibbs free energy
G = M −TS−ΩJ . Standard arguments [10] lead to the
stability condition for equilibrium: the Hessian matrix
∂2(−G)
∂yµ∂yν
, yµ = (T,Ω), (3)
must be positive definite. The two eigenvalues of this
matrix are βCJ = (∂S/∂T )J , where β is the inverse tem-
perature and CJ is the specific heat at constant angu-
lar momentum; and the isothermal moment of inertia
T = (∂J/∂Ω)T . In the canonical ensemble, the posi-
tivity of CJ is sufficient to ensure perturbative stability.
In the grand-canonical ensemble however, the moment of
inertia T is also required to be positive, and together
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2with CJ renders asymptotically flat black holes thermo-
dynamically unstable [9]. We analyse here the Kerr-AdS
black hole not only because of the usual theoretical moti-
vations (eg. the AdS/CFT correspondence [11]) but also
because there is a phase transition to stability for large
enough black holes in the grand-canonical ensemble. Our
purpose is to compare this criterion for stability with the
one given by the quantum corrections to the gravitational
partition function.
Let us describe now the path integral and the quantum
corrections. The Euclidean gravitational action in the
path integral (1) is given by
I[g] = − 1
16pi
∫
M
dV (R− 2Λ)− 1
8pi
∫
∂M
dΣK − I0, (4)
where the last term is a background subtraction that nor-
malises the action of pure AdS space to zero (see also its
holographic interpretation [12–15]). The second term is
the York-Gibbons-Hawking boundary term [2, 16], which
is appropriate for boundary conditions of fixed induced
metric on ∂M. This corresponds to the grand-canonical
ensemble, since fixing instead the charges M or J would
require fixing derivatives of the metric normal to the
boundary. The instanton gˆ is a non-singular solution to
the equations of motion derived from this action, and the
quantum corrections are given by off-shell perturbations
about the instanton solution,
gab = gˆab + hab. (5)
Pure trace hab = gˆab h
c
c/4 (conformal) metric pertur-
bations render the action unbounded below but can be
shown to decouple and give no contribution to the parti-
tion function, at least at the one-loop perturbative level
[17, 18]. This is the timelike direction in the Wheeler-
DeWitt metric. The gauge-invariant perturbations are
the traceless-transverse (TT) modes, such that hTT
a
a =
0 and ∇ahTTab = 0. Their contribution to the one-loop
path integral is given by∫
D[hTT ] exp
(
− 1
64pi
∫
dV hTT ·GhTT
)
, (6)
where the operator G is defined as
(Gh)ab = −∇c∇chab − 2R c da b hcd. (7)
All metric operations hereafter are made with respect to
the instanton background metric gˆab. It is clear from the
expression (6) that if the spectrum of the operator G on
TT modes possesses a negative eigenvalue, the perturba-
tive corrections are ill-defined (zero modes can be dealt
with by the standard collective coordinates method [19]).
THE EIGENVALUE PROBLEM
We will look at eigenvalues of the operator G in search
for negative modes, GhTT = λhTT , with λ < 0. In the
static spherically symmetric examples, the unique nega-
tive eigenmode is radial as if it changed the ‘mass’. For
the rotating black holes, we will consider only stationary
axisymmetric perturbations, so that the isometries of the
background are preserved.
Our ansatz for the perturbed metric is given by
ds2 =
∆
Σ2
eα
(
dτ − i a
Ξ
eω sin2 θdφ
)2
+
+
∆θ sin
2 θ
Σ2
eσ
(
r2 + a2
Ξ
dφ+ iae−ωdτ
)2
+
+
Σ2
∆
eγ(dr + r0χ sin θdθ)
2 +
+
Σ2
∆θ
eηdθ2, (8)
where ` is the curvature radius of AdS and is related to
the cosmological constant as `2 = −3/Λ, and
∆(r) = (r2 + a2)(1 + r2`−2)− r0r, (9a)
Σ(r, θ)2 = r2 + a2 cos2 θ, (9b)
∆θ(θ) = 1− a2`−2 cos2 θ, (9c)
Ξ = 1− a2`−2. (9d)
The functions α, ω, σ, γ, χ, η are small perturbations
and depend on both r and θ. If all vanish, the line ele-
ment above represents the Kerr-AdS instanton with mass
M = r0/2. The bounds on the parameter space of the
instanton are given by the extremality condition and by
the requirement that |a| < `, since the limit |a| → ` is
singular [20]. Moreover, the avoidance of a conical sin-
gularity at the instanton horizon, located at r = r
+
, the
largest root of ∆, requires the coordinate identification
(τ, φ) = (τ + β, φ− iβ(Ω− a/`−2)). Here,
β =
4pi(r2
+
+ a2)
r
+
(1 + a2`−2 + 3r2
+
`−2 − a2r−2
+
)
(10)
is the inverse temperature and
Ω =
a(1 + r2
+
`−2)
r2
+
+ a2
(11)
is the angular velocity in a reference frame non-rotating
at infinity, the quantity that satisfies the first law of ther-
modynamics [21].
The imposition of the TT conditions on the first order
perturbation hab implies that α, ω, σ are given by γ, χ,
η and their first derivatives. Substituting these relations
in the metric perturbation we get the general expression
for hTTab respecting the isometries of the instanton.
Now we look at the eigenvalue problem GhTT = λhTT .
There are six equations to be solved, corresponding to the
components ττ , τφ, φφ, rr, rθ, θθ. However, the com-
ponents ττ , τφ and φφ are differential equations of third
order when we substitute the expressions for α, ω, σ given
3by the TT conditions, and they are solved automatically
by the remaining three equations as expected. We thus
have the three coupled partial differential equations rr,
rθ and θθ for the three unknown functions γ, χ and η.
Let us first consider the boundary conditions for the
perturbations. The region of integration for the differen-
tial equations is an infinite strip r+ ≤ r <∞, 0 ≤ θ ≤ pi.
The perturbations must vanish sufficiently fast at infin-
ity, r → ∞, so that the metric perturbation is normal-
isable
∫
dV hTT · hTT < ∞. The boundary conditions
on the horizon are given by expanding the differential
equations around r = r+. We find that this implies
χ(r+, θ) = A/ sin
2 θ, A being an integration constant.
Regularity for θ = 0, pi thus requires χ(r+, θ) = 0. For
γ(r+, θ) and χ(r+, θ), regularity and normalisability near
the horizon require simply that they are finite.
One thing we should emphasise is that the subtlety
of having a quasi-Euclidean metric, as opposed to Eu-
clidean, has vanished now. The equations obtained are
real equations for real perturbation functions. Unfortu-
nately, it will not be possible to present the three equa-
tions explicitly here. Even in the asymptotically flat limit
`→∞, they are too cumbersome.
It is convenient to make rescalings such that only adi-
mensional quantities are involved in the problem,
y =
r
r+
− 1, y∗ = r+
r0
, (12a)
`∗ =
`
r0
, λ∗ = λ r20, (12b)
and notice that
y∗ − y2∗ − y4∗`−2∗
1 + y2∗`
−2∗
=
(
a
r0
)2
. (12c)
We will use the coordinate
x = cos θ, (13)
so that the numerical integration will be performed on
a rectangle 0 ≤ y ≤ Y , −1 ≤ x ≤ 1, where Y  y∗
must be sufficiently large. Let us rescale the perturbation
functions too,
γ(r, θ) =
q1(y, x)
y(1− x2) , (14a)
χ(r, θ) =
q2(y, x)
1− x2 , (14b)
η(r, θ) =
q3(y, x)
y(1− x2) , (14c)
so that the boundary conditions discussed before are sim-
ply qi = 0 (i = 1, 2, 3) along the edges x = ±1 and
y = 0, Y . It is convenient to combine our previous equa-
tions rr, rθ and θθ, now in terms of the redefined quan-
tities, into the form
∂2yqi(y, x) + . . .+ λ∗f(y, x; y∗, `∗)qi(y, x) = 0, (15)
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FIG. 1: For the Kerr instanton, λ∗ is negative, decreasing
monotonically away from a = 0 and evaluating to a finite
value at extremality |a| = r0/2.
which turns out to be possible. Notice that the last term
above gives the only dependence of the equations on λ∗.
We are now ready to implement the spectral numerical
method [22].
Let us first consider the Kerr case, i.e. the limit `→∞,
leaving the general case to the next section. The results
are represented in Fig. 1. We find that there is a single
negative mode for |a| ≤ r0/2, monotonically increasing
in magnitude with the angular momentum. Surprisingly,
our probe perturbation method [9] approached the value
of the negative eigenvalue now found to within 10%. One
way to understand the increase in magnitude is to recall
the connection between the black hole thermodynamic
negative mode and the classical Gregory-Laflamme in-
stability of the respective black string/brane [6]. The
threshold wavenumber k = (~k · ~k)1/2 for the Gregory-
Laflamme instability corresponds to the four dimensional
stationary solution of GhTT = −k2 hTT , with the ap-
propriate boundary conditions [23]. This is exactly the
problem addressed here if we identify λ = −k2. The
fact that we are dealing with a quasi-Euclidean geome-
try rather than a Lorentzian geometry is irrelevant since
time plays no role in the solutions to the perturbation
functions defined in (8). The curve in Fig. 1 thus im-
plies that the Gregory-Laflamme instability of the Kerr
string persists up to extremality. The larger in magni-
tude is the negative mode, the smaller is the threshold
length scale k−1 for the instability. We expect on physi-
cal grounds that the centrifugal force caused by the rota-
tion will favour the instability of ripples along the string
(Ref. [24] presents a fluid dual analogy) thus decreasing
their threshold length scale and explaining the stronger
negative mode of the black hole. See [25] for analogous
results in higher dimensions with equal angular momenta.
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FIG. 2: Phase diagram of the Kerr-AdS black hole. The
points represent the parameter region with a negative mode
and the line represents the change of sign of CΩ, which is
negative in the Kerr limit ` → ∞. The diagram is limited
above by the extremality bound and by the singular limit
a = l.
COMPARISON OF STABILITY CRITERIA
Thermodynamic stability in the grand-canonical en-
semble requires that both the specific heat at constant
angular momentum CJ and the isothermal moment of
inertia T are positive. An interesting feature of the
Kerr-AdS black hole, as opposed to the black ring for
instance, is that the specific heat at constant angular
velocity, CΩ = T (∂S/∂T )Ω, is sufficient to describe the
stability of the grand-canonical ensemble. It is positive
when both CJ and T are positive, and negative when
one of them is negative; CJ and T are never simultane-
ously negative and complement the region of instability.
The explicit expression is
βCΩ = −
8pi2r+
(
r2+ + a
2
)
Ξ
(
1 + a2r−2+ + a2`−2 − 3r2+`−2
) . (16)
The vanishing of the denominator in the right-hand-side
identifies the line of critical stability for each value of `.
Across this line, CΩ diverges and changes sign.
If we look at Fig. 2, the agreement is striking. There is
a single negative mode only when CΩ is negative. Unfor-
tunately the numerical method does not allow us to safely
zoom in the line of critical stability, so that we cannot
make claims about small deviations here. Nevertheless,
it is clear that the gravitational partition function re-
produces the thermodynamics of the system beyond the
instanton approximation, even for this non-static black
hole with a quasi-Euclidean instanton.
ACKNOWLEDGEMENTS
We are grateful to Gary Gibbons, Stephen Hawking,
Gustav Holzegel, Hari Kunduri and Claude Warnick for
valuable discussions. RM and JES acknowledge support
from the Fundac¸a˜o para a Cieˆncia e Tecnologia (FCT,
Portugal) through the grants SFRH/BD/22211/2005
(RM) and SFRH/BD/22058/2005 (JES).
∗ Electronic address: R.J.F.Monteiro@damtp.cam.ac.uk
† Electronic address: M.J.Perry@damtp.cam.ac.uk
‡ Electronic address: J.E.Santos@damtp.cam.ac.uk
[1] A. Strominger and C. Vafa, Phys. Lett. B379, 99 (1996),
hep-th/9601029.
[2] G. W. Gibbons and S. W. Hawking, Phys. Rev. D15,
2752 (1977).
[3] D. J. Gross, M. J. Perry, and L. G. Yaffe, Phys. Rev.
D25, 330 (1982).
[4] T. Prestidge, Phys. Rev. D61, 084002 (2000), hep-
th/9907163.
[5] R. Monteiro and J. E. Santos, Phys. Rev. D79, 064006
(2009), 0812.1767.
[6] H. S. Reall, Phys. Rev. D64, 044005 (2001), hep-
th/0104071.
[7] J. D. Brown, E. A. Martinez, and J. York, James W.,
Annals N. Y. Acad. Sci. 631, 225 (1991).
[8] J. D. Brown, E. A. Martinez, and J. W. York, Phys. Rev.
Lett. 66, 2281 (1991).
[9] R. Monteiro, M. J. Perry, and J. E. Santos (2009),
0903.3256.
[10] L. D. Landau and E. M. Lifschitz, Statistical Physics,
Part 1 (Pergamon Press, Oxford, 1958).
[11] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998),
hep-th/9711200.
[12] V. Balasubramanian and P. Kraus, Commun. Math.
Phys. 208, 413 (1999), hep-th/9902121.
[13] K. Skenderis, Int. J. Mod. Phys. A16, 740 (2001), hep-
th/0010138.
[14] R. Olea, JHEP 06, 023 (2005), hep-th/0504233.
[15] R. Olea, JHEP 04, 073 (2007), hep-th/0610230.
[16] J. York, James W., Phys. Rev. Lett. 28, 1082 (1972).
[17] G. W. Gibbons, S. W. Hawking, and M. J. Perry, Nucl.
Phys. B138, 141 (1978).
[18] G. W. Gibbons and M. J. Perry, Nucl. Phys. B146, 90
(1978).
[19] A. Jevicki, Nucl. Phys. B117, 365 (1976).
[20] S. W. Hawking, C. J. Hunter, and M. M. Taylor-
Robinson, Phys. Rev. D59, 064005 (1999), hep-
th/9811056.
[21] G. W. Gibbons, M. J. Perry, and C. N. Pope, Class.
Quant. Grav. 22, 1503 (2005), hep-th/0408217.
[22] L. N. Trefethen, Spectral Methods in MATLAB (SIAM,
Philadelphia, 2000).
[23] R. Gregory and R. Laflamme, Phys. Rev. Lett. 70, 2837
(1993), hep-th/9301052.
[24] M. M. Caldarelli, O. J. C. Dias, R. Emparan, and
D. Klemm, JHEP 04, 024 (2009), 0811.2381.
[25] B. Kleihaus, J. Kunz, and E. Radu, JHEP 05, 058 (2007),
hep-th/0702053.
